The a d v e n t o f t h e GPS S a t e l l i t e c o n s t e l l a t i o n makes a t o m i c c l o c k s a v a i l a b l e t o a n y one who has a r e c e i v e r . P r o p e r c h a r a c t e r i z a t i o n o f b o t h t h e c l o c k s and t h e u s e r l i n k s i s e s s e n t i a l f o r o p t i m a l e x t r a c t i o n o f t i m e and frequency (T&F) i n f o r m a t i o n .
I n t r o d u c t i o n
The a d v e n t o f t h e GPS S a t e l l i t e c o n s t e l l a t i o n makes a t o m i c c l o c k s a v a i l a b l e t o a n y one who has a r e c e i v e r . P r o p e r c h a r a c t e r i z a t i o n o f b o t h t h e c l o c k s and t h e u s e r l i n k s i s e s s e n t i a l f o r o p t i m a l e x t r a c t i o n o f t i m e and frequency (T&F) i n f o r m a t i o n .
I n t h i s p a p e r we w i l l consider b o t h optimum T&F e x t r a c t i o n f r o m a s e t o f GPS data, and also some near optimum and simple data processing techniques.
We consider three simple cases: case
A i s what we c a l l t h e "common-view" approach; case B i s t h e d i r e c t v i e w i n g o f a s i n g l e s a t e l l i t e f o r sample times ranging from a few seconds t o a few hours; and case C i s viewing a s i n g l e s a t e l l i t e f o r a few minutes each day f o r s e v e r a l success i v e days. The common-view approach has been studied elsewhere (l-3), and the results w i l l be reviewed as t h e y r e l a t e t o t h e common-mode c a n c e l l a t i o n o f e r r o r s w h i c h o c c u r when two user s i t e s v i e w t h e same s a t e l l i t e f o r t h e same several minutes each day, and then subtract t h e i r r e s u l t s t o g e t t h e t i m e d i f f e r e n c e between t h e t w o r e c e i v i n g s i t e s . I f one of the two r e c e i v i n g s i t e s i s a primary T&F r e f e r e n c e s t a n d a r d , t h e n s t a t e -o f -t h e -a r t c a l i b r a t i o n s a r e p o s s i b l e .
Case B allows one t o use the GPS s i g n a l s as a s h o r t -t e r m T&F r e f e r e n c e t o UTC(N6S) o r UTC (USNO)--thus a l l o w i n g one t o c a l i b r a t e a g a i n s t a primary reference standard.
A f t e r c h a r a c t e r i z i n g t h e r e a l d a t a f o r t h e above three cases, we develop models from which we can design a Kalman f i l t e r .
We t h e n t e s t t h i s f i l t e r on simulated data, and on some real data. As we proceed i t i s u s e f u l t o r e v i e w some d e f i ni t i o n s o f terms so t h a t t h e l a n g u a g e i s c l e a r . Accuracy i s d e f i n e d as the degree t o which one can r e l a t e a measurement t o some a b s o l u t e r e f e rence. S t a b i l i t y , on t h e o t h e r hand, i s d e f i n e d as a measure o f c o n s t a n c y --t y p i c a l l y o v e r s e l e cted sampling periods.
We consider both the accuracy and the stability of time and frequency as w e l l as the Fourier frequency ( f ) components o f t h e i n s t a b i l i t i e s o f t h e GPS l i n k s and clocks i n v o l v e d . These i n s t a b i l i t i e s o r n o i s e f l u c t u at i o n s a r e c h a r a c t e r i z e d i n t h e t i m e -d o m a i n b y U ( x ) and "modified" (T (t) diagrams (4,5). Tlese noise fluctuation? appear to be we1 1 characterized by power-law spectral densit i e s ( 4 ) . The " M o d i f i e d A l l a n v a r i a n c e " i s assoc i a t e d w i t h a measurement bandwidth proportional t o t h e r e c i p r o c a l o f t h e sample time for which t h e d a t a i s t a k e n . T h i s sample time (denoted I ) r e s u l t s i n a h i g h -f r e q u e n c y c u t -o f f f o r t h e data.
We use typical performance for the models except i n those instances where there i s a wide range o f performance. I n which case we use both the w o r s t and b e s t c a s e s i t u a t i o n s .
We do not deal i n any d e t a i l w i t h e r r o r d e t e c t i o n and data r e j e c t i o n f o r t h i s c o u l d b e t h e t e x t o f a paper a l l by i t s e l f . R a t h e r we have chosen reasonable r e j e c t i o n and i n t e r p o l a t i o n c r i t e r i a i n o r d e r t o m i n i m i z e d e l i t e r i o u s e f f e c t s on a proper charact e r i z a t i o n .
The r e s u l t i n g f i l t e r s a r e , t h e r ef o r e , a p p r o p r i a t e f o r w e l l behaved data.
Howe v e r , i n t r i n s i c t o t h e i r optimum or near optimum n a t u r e i s t h e a b i l i t y t o do e r r o r d e t e c t i o n and d a t a r e j e c t i o n .
GPS LINK AND CLOCK CHARACTERIZATION
A. Case A: GPS i n common-view o f t w o r e c e i v i n g s i t e s .
The r e s u l t s o f a previous study are reviewed i n F i g u r e 1 showing the GPS measurement l i m i t u s i n g t h i s common-view approach averaged across four s a t e l l i t e s and over the approximately 3000 km baseline between NBS-Boulder and USNO. The r performance of MOD U (r) i n d i c a t e s w h i t e n o i s e phase modulation(PM).Y The l e v e l o f t h e n o i s e i s such t h a t MOD U (r=1 day)=lx10-13 for xh=600s.
The r e s u l t i n g RMS t i m e f l u c t u a t i o n s a r e a b o u t 5ns. Figure  1 compares t h e s e r e s u l t s w i t h a "Range o f p e r f o r m a n c e o f s t a t e -o f -t h e -a r t s t a nd a r d s " , w i t h t h e NBS + USNO i n s t a b i l i t i e s , and w i t h t h e h i s t o r i c a l Loran-C comparison method.
The d a t a i n d i c a t e t h a t t h i s w h i t e n o i s e
FM model i s a p p l i c a b l e o v e r t h e r a n g e f r o m a b o u t r = l day t o about r = l t o 2 weeks. T h i s n o i s e l e v e l a l l o w s one t o measure a t o r beyond state-of-thea r t l i m i t a t i o n s imposed by the standard.
B.
Case B: D i r e c t v i e w i n g o f a s i n g l e s a t e ll i t e f o r few minutes t < few hours.
The s t a b i l i t y d a t a shown i n F i g u r e 2 i s a t y p ic a l example using an NBS/GPS r e c e i v e r w i t h an omni-antenna.
I n t h i s c a s e t h e l e v e l o f t h e w h i t e n o i s e PM i s such t h a t MOD U (x=15s)= . Because T~ i s s i g n i f i c a n t l y d i f f e r e n t i n case A and case B these noise l e v e l s a r e a l s o q u i t e d i f f e r e n t and a r i s e from d i f f e r e n t mechanisms ( a t o p i c t h a t c o u l d occupy another paper).
One n o t i c e s t h a t f o r r>1000s t h e f l u c t u a t i o n s appear t o be b e t t e r modeled by t h e s p e c t r a l d e n s i t y -f f t h e phase o r t i m e f l u ct u a t i o n s g o i n g as f ( f l i c k e r n o i s e f r e q u e n c y modulation, FM).
We conclude that averaging f o r longer than 1000s p r o v i d e s l i t t l e o r no improvement. The low f r e q u e n c y f l u c t u a t i o n s g e n e r a t i n g t h e f l i c k e r noise FM spectra are probably caused by ionospheric and/or tropospheric delay fluctuations.
C.
Case C: Viewing a s i n g l e s a t e l l i t e f o r a few minutes each day for several successive days.
The data were taken from the One hundred and eighty four days o f data were a n a l y z e d s t a r t i n g w i t h 10 Nov. 81. As much as 23% o f t h e days were missing from the published v a l u e s .
I n t e r p o l a t e d v a l u e s w e r e f i l l e d i n t o avoid the problem of missing data in the analys i s .
Three obvious bad points were rejected o v e r t h e f i r s t 100 days. The raw values with t h e i n t e r p o l a t i o n s a r e shown i n F i g u r e 3. There was obviously a r a t e change i n t h e GPS c l o c k a t d a t a p o i n t no. 109 o f about 100 ns/day. I f one l o o k s a t t h e r e s i d u a l s , a f t e r f i t t i n g l i n e a r t r e n d s t o t h e d a t a some i n t e r e s t i n g r e s u l t s a r e seen. U s i n g t h e l a s t 74 days ( s i n c e no bad data points had t o be r e j e c t e d f r o m t h i s s e t ) we subtracted a l i n e a r l e a s t s q u a r e s l i n e from the UTC(USN0-MC) -GPS v i a NAVSTAR 4 , 5, & 6. The mean slope removed by t h e 1 i n e a r l e a s t squares f i t and t h e r e s i d u a l s a r e shown i n Figure 4 . Notice that the peak-to-peak deviat i o n i n t h e mean slopes removed was only about 4~1 0 -l~. A l s o n o t i c e t h e h i g h c o r r e l a t i o n i n the long t e r m (as i t should be) since each s a t e l l i t e i s b e i n g used t o deduce the time difference between the same p a i r o f c l o c k s ,
UTC(USN0-MC) -GPS. T h a t i s , i n l o n g -t e r m t h e r e l a t i v e c l o c k n o i s e p r e d o m i n a t e s .
I n t h e day t o day fluctuations, however, these uncorrelated processes probably arise from measurements made a t v a r y i n g t i m e s o f d a y , t h r o u g h d i f f e r e n t p a r t s of the ionosphere, and/or errors in satel 1 i t e s ' ephemeris and up-load values.
We can use t h e " t h r e e c o r n e r h a t " r o u t i n e t o deduce t h e i n d i v idual variances f o r each o f t h e t h r e e s a t e l l i t e s and t h e i r l i n k s . F i g u r e 5 i s such a s t a b i l i t y diagram. The n o i s e l e v e l i s higher and n o t as w e l l modeled as t h e common-view case, b u t s t i 11 f o r sample times of a f e w days the white noise PM model seems t o be reasonable, but breaks down f o r t o f t h e o r d e r o f 1x10 S and longer. The RMS t i m e o r phase f l u c t u a t i o n s r a n g e f r o m about 6ns t o l l n s f o r t h e s e d a t a . F i g u r e 6 shows t h e 6 UTC(iJSN0-MC) vs. GPS v i a NAVSTAR 5. Taking the djfference between tbese vai-ian:es w i l l g i v e t h e sum o f t h e v a r i a n c e s f o r t h e UTC(USN0-MC) and t h e GPS c l o c k p l u s t h e v a r i a n c e f o r t h e c o r r el a t e d p o r t i o n o f t h e n o i s e , w h i c h i s t h e n an upper l i m i t on the clock's noise. respectively. This technique gives a n i c e way t o compare t h e s t a b i l i t i e s o f two remote standards a t t h e p a r t s i n 10 t o t h e 1 4 t h l e v e l .
SIMULATION AND KALMAN FILTERS FOR GPS
A. Simulations Over t h e p a s t 15 y e a r s , s c i e n t i s t s have developed r e l i a b l e s t o c h a s t i c models o f clocks and o s c i l l a t o r s .
O f course, these models cannot replace actual data, however, they can be used t o p r e d i c t p e r f o r m a n c e o f complex systems i n advance o f c o n s t r u c t i o n . F u r t h e r , so much r e l i a n c e on these models has developed, that i f a model s h o u l d a c t u a l l y f a i l , t h e n t h e o p p o r t un i t y t o r e f i n e t h e models would be q u i t e s i g n i -
The c o m p l e x i t y o f many systems poses problems f o r a n a l y t i c s o l u t i o n s f o r s y s t e m p e r f o r m a n c e . O f t e n one can become so g r e a t l y enmeshed i n t h e mathematics o f a n a l y t i c s o l u t i o n s t h a t t h e r e a l problems become l o s t i n a f o r e s t o f e q u a t i o n s . O f course, even the analytic solutions depend on model assumptions as much as the simulations. The advantage o f a n a l y t i c s o l u t i o n s i s t h a t o f t e n t h e i r e x t e n s i o n t o new parameter values i s very simple and an "exact" solution i s provided. I n c o n t r a s t , s i m u l a t i o n s u s i n g Monte Carlo t r i a l s can use much computer time and provide o n l y an approximate value. Clearly, both simul a t i o n s and a n a l y t i c s o l u t i o n s have t h e i r advantages.
There
B. Stochastic Model
For times longer than a few seconds, commercial cesium beam c l o c k s t y p i c a l l y d i s p l a y f r e q u e n c y fluctuations which can be modeied weil with three elements:
1)
White noise FM.
2)
Random walk noise FM, and
3)
L i n e a r f r e q u e n c y d r i f t .
It 
Figure 7 i s a p l o t o f t h e s q u a r e r o o t o f t h e A1 lan Variance deduced from Eq. 2 and the param e t e r s g i v e n i n t h e above t a b l e . T h i s model f o r t h e s l a v e c l o c k ( r e l a t i v e t o whatever master clock is being referenced), can be expressed in t h e f a m i l i a r t e r m s o f Kalman F i l t e r s (6).
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A little algebra can quickly show t h a t t h i s Kalman model i s e x a c t l y e q u i v a l e n t t o t h e c l o c k model presented i n Eq. (1). I n a d d i t i o n t o t h e clock model, the noise
o f the comparison 1 i n k must be modeled also.
The l i n k n o i s e appears t o be random, u n c o r r e l a t e d ( i . e . , w h i t e ) as has been found i n t h e measurements r e p o r t e d above. F u t u r e e x p e r i m e n t s w i t h d i f f e r e n t b a s e l i n e s and additional data may w e l l r e f i n e t h i s model o f t h e c o m p a r i s o n l i n k , b u t f o r now the white phase model i s i n accord with observations. One S a t e l l i t e 6-20 ns 21 day 600 S where rh i s t h e r e c i p r o c a l s o f t w a r e b a n d w i d t h
(5).
The computer program used i n t h e s i m u l a t i o n s can be found i n t h e Appendix.
RESULTS AND COMPARISONS I n s e c t i o n I 1 we c h a r a c t e r i z e d t h e n o i s e performance o f t h e
GPS l i n k f o r t h e t h r e e cases under consideration. Along with the models developed from these characterizations we use as t y p i c a l c l o c k models those shown i n I n case A we simulated the common-view l i n k noise. The s t a b i l i t y o f t h e r e s u l t i n g simulated link noise processed by the Kalman filter i s shown i n F i g u r e 8, which i s b e t t e r t h a n s t a t e -o f -t h e -a r t c l o c k s f o r sample times o f a few days and longer. Thus, f o r a few days and longer, the osci 1 l a t o r n o i s e predominates. For comparison purposes the calcul a t e d s t a b i l i t y f r o m r e a l d a t a u s i n g a 10 day simple mean i s i n d i c a t e d by t h e s o l i d square. The excellent agreement i s n o t s u p r i s i n g when one r e a l i z e s t h a t t h e optimum estimate o f a c o n s t a n t b u r i e d i n a white process i s t h e simple mean. I n p r a c t i c e what i s done i s t o calculate the least square f i t t o t h e t i m e differences over a 10 day p e r i o d , and t h e slope then gives a n e a r l y optimum estimate of the frequency difference between the clocks i n the presence of white noise PM. The advantzge of the Kalman output is that it gives in real time a daily optimum estimate of both the time and the frequency differences between the two remote clocks.
For the same level of link noise (5ns RMS), Figures 9 and 10 show the simulated time errors before and after the Kalman update as well as just after the Kalman update for a standard cesium and for an option 004 cesium respectively. Figure 11 graphically illustrates for a standard cesium the effects cf looking at the clock just before update and just after update as indicated by the 1 ight and dark open squares respectively. The Kalman update stability values would, of course, be much closer together for the option 004 cesium.
For case B we simulated a standard cesium (comparable to those aboard the GPS satellites) and the 5ns link noise.
The purpose was to test the improvement gained by the Kalman filter. Figures 12 and 13 are the results of that simulation. One sees about a 40dB improvement in stability for the Kalman output at ~1 5 s . In fact except for a small turn-on transient (not shown) the Kalman filter output tracks nearly perfectly the on board clock's time, and stability levels of a few in 10 to the 12 seem reasonably achievable.
For case C we use the Kalman filter to process the actual data. Figure 14 is a plot of the residual time differences between UTC(USN0-MC) -GPS via NAVSTAR 5 both with and without the Kalman filter. It is obvious that it acts like a low pass filter and one could design a simple recursive (exponential) filter to approach the Optimum. However, the number of lines of code are so few for the Kalman filter (as shown in the Appendix) that little would be gained. Figure 15 nicely illustrates this improvement in stability for sample times shorter than 10 days. At r=l day there is an 11 dB improvement in stability using the Kalman fi 1 ter over the stabi 1 ity of the raw data.
From the data studied in this paper, there are clear advantages in proper fi 1 tering. Despite the fact that the data studied is not comprehensive and that the GPS receivers used were a 1 imited set, one can sti 11 draw some reasonable and impressive conclusions. Table 1 is a summary of the stability and accuracy ranges of F&T calibrations available using GPS for remote clocks within about 3000 km of a primary reference.
CONCLUSIONS AND FUTURE WORK
The advent of GPS has produced a significant step forward in the accuracies and stabilities with which time and frequency can be compared at remote sites.
With appropriate filtering of GPS data as out1 ined in this paper one can compare and calibrate remote clocks at stateof-the-art accuracies for sample times of the order of a few days and longer; e.g., a few parts in 10 to the 15 are achievable for averaging times of 10 days, and time accuracies of better than lOns have been verified. The cesium standards on board GPS sate1 1 i tes may be used as accurate frequency references at the part in 10 to the 12 level. Even for short-term measurements of about 10 minutes duration nearly the full accuracy of these on-board cesiums can be transferred using appropriate data filtering as outlined above.
Future work will involve studies of world wide baselines leading to better understanding o f the propogation medium's effects on GPS T&F measurements. Because the common-view approach appears to work even better than initially calculated, we have started some special studies.
Some of the data indicates that there may be significant amounts of common-mode cancelation of errors due to a breathing effect working simultaneously across the ionosphere. This should be studied further. Stearable high gain antennas would lead to better time stabilities and perhaps better accuracies as multipath problems are reduced significantly. More accurate time transfers wi 11 result as people take advantage of the two frequencies radiated from the GPS satellites --giving a real time calibration of the ionosphere. The results of these research efforts suggest that the GPS system can support world-wide time and frequency comparison accuracies approaching a nanosecond and 1 part in 10 to the 15 respectively. The key questions, o f course are regarding the availability of reasonably priced commercial receivers and continued access to the GPS constellation at full accuracy.
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GPS Receiver" 13th Annual PTTI, 1-3 Dec. seconds and t h e t i m e i n t e r v a l i s one day.
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Other values
o f t h e s a m p l i n g i n t e r v a l r e q u i r e different numerical values for the as. The data used for the Kalman F i l t e r c o r r e s --Q ponds t o t h e d a t a w h i c h m i g h t a c t u a l l y be a v a i l a b l e i n a r e a l s i t u a t i o n . W i t h i n t h e program, however, t h e " t r u e " t i m e i s known Thus it i s p o s s i b l e t o e v a l u a t e t h e a b s o l u t e performance o f t h e F i l t e r o p e r a t i n g on the simulated data.
A s l i g h t m o d i f i c a t i o n o f t h i s
-le'
program was used w i t h r e a l d a t a as r e p o r t e d i n t, t h e t e x t .
The f i r s t copy of the program has numerous remarks (prefaced by I'REM") t o a i d i n t h e
-11.
understanding of the program. These "REMarks" are ignored by the operating program. The second version of the program i s i d e n t i c a l t o t h e f i r s t , e x c e p t t h a t a l l remarks have been deleted and the steps renumbered. The second v e r s i o n was included to demonstrate how simple -l$ t h e Kalman F i l t e r (which i s o n l y a p a r t o f t h e program) can r e a l l y be. Table 1 For Kalman F i l t e r e d D a t a CASE Synchronization Time S y n t o n i z a t i o n Frequency Accuracy Stabi 1 i t y Accuracy Stabi 1 i t y A: CommonclOns "3.6ns <1x1~-14 < 3 . 5~1 0 -~~ view ~~= 1 day r=10 days 1 2 B: S i n g l e S a t e l 1 i t e c50ns -0.7ns "2x10-12 E 2x10-Short-term ~~= 1 5 s rEl000s
C: S i n g l e Satel 1 i t e c20ns "4.4ns '~~10-l~ ZlX10 
